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We study (anti-) instantons in super Yang-Mills theories defined on a non anticom-
mutative superspace. The instanton solution that we consider is the same as in ordinary
SU(2) N = 1 super Yang-Mills, but the anti-instanton receives corrections to the U(1)
part of the connection which depend quadratically on fermionic coordinates, and linearly
on the deformation parameter C. By substituting the exact solution into the classical
Lagrangian the topological charge density receives a new contribution which is quadratic
in C and quartic in the fermionic zero-modes. The topological charge turns out to be zero.
We perform an expansion around the exact classical solution in presence of a fermionic
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function. We find that the one-loop partition function is not modified with respect to the
usual N = 1 super Yang-Mills.
Revised 12/8/2003
1 pgrassi@insti.physics.sunysb.edu
2 rricci@grad.physics.sunysb.edu
3 daniel@insti.physics.sunysb.edu
1. Introduction
It is a common belief that in the standard formulation of superspace, only the bosonic
subspace may have a non-trivial topology. A superspaceM(n|m), where n is the dimension
of its bosonic subspace Mb and m is the dimension of spinor representation, is a Grass-
manian vector bundle with no topology in the fibers. However, despite some attempts
to construct models with non trivial superspace topology (see for example [1], [2] and [3])
and interesting arguments suggesting that only the topology of the bosonic subspace really
matters (see for example [4]), a new superspace formulation [5] based on a construction
in superstring theory [6]4, reopened the debate. For related considerations on deformed
superspaces see also [8], [9].
In this approach, the fermionic coordinates θα, θ¯α˙ are no longer Grassmann variables,
but they are promoted to elements of a Clifford algebra
{θα, θβ} = 0 , {θα, θ¯β˙} = 0 , {θ¯α˙, θ¯β˙} = Cα˙β˙ . (1.1)
where Cα˙β˙ is the constant self-dual RR field strengh of the closed string theory background.
As a consequence the N = 1 supersymmetry algebra is deformed and broken down to
N = 1/2 [5].
From a more physical perspective, and after several perturbative studies of N =
1/2 supersymmetric quantum field theories [10], one is tempted to ask about their non-
perturbative aspects. The issue is not unrelated to the problem addressed in the previous
paragraph: it is by now well established that the main sources of non-perturbative physics
are objects which have also a special topological significance. One would then hope that
knowing more about the non-perturbative regime of N = 1/2 supersymmetric theories
might in addition shed some light on a possible non-trivial topology of superspace. In
particular, in this paper we study instantons (anti-instantons), i.e. finite-action anti-
selfdual (self-dual) solutions to the Euclidean equations of motion of (super) Yang-Mills
theories, which have proven to be one of the main sources of insights in both the non-
perturbative regime of quantum field theories, and the topology of four-manifolds (for
a physics review, see for example [11]; for a mathematical introduction see [12]). As is
well-known, the instanton charge is topological and completely computable in terms of the
bosonic solution to the self-dual Yang-Mills equations. Moreover, instantons are degenerate
4 A recent work [7] shows that a deformed superspace structure also emerges in superparticle
theory.
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solutions, and it is crucial to study their moduli space, which is parametrized by a set
of variables which are referred to as collective coordinates. In some special instances a
complete parametrization of this space can be obtained through the generators of the
symmetries of the equations of motion which are broken by the classical solution (an
example is N = 1 SYM with SU(2) gauge group). More generally, however, one has to
find the most general solution to the equations of motion through the ADHM construction
(see for example [13], [14] and references therein).
Supersymmetry adds many interesting features to the study of instantons. The most
salient is perhaps the fact that instantons in supersymmetric theories break half of the
supersymmetries of the original action, in addition to translations, dilatations, and half of
the Lorentz symmetry (this is possible only in Euclidean space). To be more specific, in-
stantons (F+µν = 0) break the supersymmetries generated by Q¯
α˙, Sα, while anti-instantons
(F−µν = 0) break Q
α, S¯α˙ 5. These broken supercharges give rise to fermionic collective
coordinates, which can be thought of as the fermionic superpartners of the bosonic coordi-
nates introduced above. Again, finding the complete set of fermionic collective coordinates
requires solving the full equations of motion. In geometrical terms, the fermionic collective
coordinates can be seen to parametrize the symplectic tangent space to the moduli space.
When considered from the quantum field theoretical perspective, instantons charac-
terize topological vacua of the Euclidean theory around which one must expand in the
computation of the path integral. Going back to Minkowski space they give the main
contribution to tunneling processes which go as the square of the inverse of the coupling
constant, and thus can never be seen in ordinary perturbation theory. In the semi-classical
approximation, one must expand the classical action up to quadratic terms in quantum
fluctuations around the instanton. The measure in the path integral is then modified by the
degeneracy of solutions, which translates into the presence of zero-modes in the functional
determinants. The correct normalization is determined by the jacobian obtained by trad-
ing the integration over the zero-modes for the collective coordiantes. As we saw, in super
Yang-Mills theories, instantons have fermionic counterparts which depend on fermionic
collective coordinates. These must be accounted for by including the Pfaffian associated
to their inner products in the measure, and the Grassmann variables are to be integrated
over using Berezin integration. This leads to new genuinely non-perturbative effects, such
as the well-known non-vanishing result for the gluino condensate.
5 We are using the notations of [11] for the generators of the super-conformal group.
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In this paper we would like to see how the characteristics of instanton calculations in
ordinary supersymmetric theories are modified when one considers quantum field theories
defined in deformed superspace. We will concentrate on pure U(2) N = 1/2 SYM, as an
already non-trivial illustration of how these differences arise.
First and foremost, in N = 1/2 theories the commutation relations for half of the
supercharges, say Qα, are deformed to
{Qα, Qβ} = −4Cα˙β˙σµαα˙σνββ˙
∂2
∂yµ∂yν
. (1.2)
The Lagrangian for pure N = 1/2 SYM contains two additional operators of dimensions
5 and 6 with respect to the N = 1 case [5], but it is nonetheless renormalizable [10] (see
later).
The fields obeying the anti-self-duality equations of conventional SYM (F+µν = 0)
furnish a complete solution to the equations of motion even in the presence of the extra
couplings. Moreover, the supersymmetries broken by these solutions are Q¯α˙,Sα, which
are not broken by the C-deformation. Consequently, the subalgebra generated by these
supercharges should lead to the complete set of collective coordinates as usual, and the path
integral measure can be constructed in the conventional way, at least at the classical level.
The classical instanton action is the same as in N = 1 SYM. The fermionic zero-modes
of the Dirac operator in the instanton background could however be lifted in perturbation
theory due to the presence of extra non-supersymmetric couplings in the action, thereby
giving corrections to the effective action at one-loop.
On the other hand, N = 1 anti-instantons (F−µν = 0) do not provide a full solution
to the classical equations of motion of the deformed theory. As noticed in [15] the extra
couplings contribute fermionic source terms for the Dirac equation in the anti-instanton
background. In this paper we revisit the procedure of [15] and solve the equations of
motion exactly. Our perspective, however, differs from that of [15], and is more in line
with the overall philosophy of [13]. We derive the complete solution through an iterative
procedure which consists in systematically expanding the equations of motion in powers of
the fermionic quasi-collective coordinates. In the end we arrive at the conclusion that the
ordinary SU(2) supersymmetric anti-instanton is supplemented with a non-trivial U(1)
connection which depends quadratically on fermionic variables (the Grassmann collective
coordinates of the N = 1 solution). When we substitute this solution into the lagrangian
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we find the density charge
∆Lanti−instanton = 3072ρ
6(2x4 − 3ρ2x2)
(x2 + ρ2)6
|C|2η¯2ξ2 (1.3)
The new feature of (1.3) is the fact that it depends on the fermionic parameters ξα
and η¯α˙. The appearance of the second term in the exponent of (1.3) can be traced back
to the fact that the anti-instanton breaks the supersymmetries which are already broken
by the C-deformation. Consequently the fermionic parameters entering the anti-selfdual
solution cannot be viewed as collective coordinates in the usual sense. Notice however
that performing the integration over the bosonic variables x, the total charge, namely the
instanton action, reproduce the usual undeformed N = 1 answer (in the text, an argument
based on the Atiyah Singer index Theorem will be used) 6.
A similar situation occurs inN = 4 SYM. In that case, not only the charge density, but
also the total charge depends upon the fermionic “quasi-collective coordinates”, but this
relies on the approximate nature of the solutions of the equations of motion [13], whereas
in the present case the appearance of zero-modes in the Lagrangian is a direct consequence
of the broken supersymmetry of the classical action 7. Note that, as the C-deformation
also breaks dilatational symmetry, it is perfectly reasonable that the parameter ρ, which
labels the size of the anti-instanton, appears in (1.3).
The second step in path integral computations around a classical solution is the eval-
uation of radiative corrections. In the conventional case, the unbroken supersymmetries
pair up the bosonic and fermionic fluctuations in the one-loop determinant, with the net
effect of only a prefactor in the path integral depending on the regulator mass µ. Together
with the measure coming from the zero modes, it encodes the one-loop renormalization of
the coupling constant. In section 6 we will discuss the one loop corrections to the effective
action for N=1/2 SYM in anti-instanton background. The novelty is the treatment of the
fermionic modes. As discussed in [13] one can either treat the fermions perturbatively,
expanding around a purely bosonic configuration, or exactly including them already in
the classical background. Here we follow the second route. This has the following impor-
tant consequence for the one-loop calculation: Performing an expansion around the full
background of the C-deformed action induces new bilinear couplings between bosonic and
6 This is consistent with the considerations of [4].
7 A quantum mechanical situation in which exact solutions to the equations of motion yield
an action depending on collective coordinates can be found in [16].
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fermionic fluctuations. One is then prompted to calculate a superdeterminant in the space
of all fields (unlike the conventional situation in which bosonic and fermionic determinants
decouple). This computation, to the best of our knowledge, has never before been per-
formed in this context (see however [17]). The one loop effective action turns out to be
zero also. The physical reason behind the cancellation has to be found in the fact that the
deformation in the sector considered breaks exactly the same supersymmetry generators
broken already by the anti-instanton solution. Therefore we are left with the same super-
symmetry generators as in N=1 with anti-instanton backgorund. The pairing mechanism
which is responsible for the cancellation of the one loop contribution in the familiar N=1
case turns out to be effective also in the present situation.
From this result we can derive interesting consequences. As usual in super-instanton
computations one can obtain the the renormalization group β-function by combining the
measure for zero-modes with the one-loop contribution to the path-integral. We find that
the part independent of the Grassmann variables in the effective action gives the usual
running of the coupling constant for U(2) super Yang-Mills.
The gluino condensate is not deformed by C since the anti-instanton moduli space
measure is unchanged with respect to the N=1 case.
Finally one word of caution is in order as to the physical interpretation of our results.
This model makes sense only in Euclidean spacetime and therefore the usual physical
interpretation of (anti)-instanton solutions as tunneling processes between topologically
different bosonic Minkowski vacua of the theory is elusive.
The paper is organized as follows: in Sec. 2, we recall the basic facts about deformed
superspace and super Yang-Mills theory. In Sec. 3, we discuss the role of collective
coordinates for instanton and anti-instanton in deformed superspace. In Sec. 4, we solve
the equations of motion iteratively for both instanton and (anti)-instanton. In Sec. 5, we
compute the classical Lagrangian. In Sec. 6 we derive the (quasi) zero-mode measure, and
the one-loop contributions to the effective action. Conclusions and future directions are
given in Sec. 7.
2. The action and the symmetries
The lagrangian in deformed superspace for general U(N) gauge group is
L = −tr
[1
2
FµνF
µν + 2iλ 6Dλ¯−D2 − igCµνFµνλλ− g2 |C|
2
4
(λλ)2
]
. (2.1)
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Note that our conventions are opposite to the ones in [5]. We have chosen anti-hermitian
generators i.e. for U(2) we take T a = iσ
a
2 for the SU(2) subgroup and T
4 = i2 for the
U(1) part. In this way tr{T aT b} = −1
2
δab. Cµν = Cα˙β˙ǫ
β˙γ˙ σ¯µνα˙γ˙ is anti-symmetric and
anti-selfdual. In these conventions the covariant derivative for any field in the adjoint is
Dµ = ∂µ + g[Aµ, ·].
For a generic group, we have that λ¯αλ¯βǫ
αβ = 12 λ¯
a
αλ¯
b
βǫ
αβ{T a, T b} and in the case of
G = SU(N), this is equal to 12 λ¯
a
αλ¯
b
βd
abcǫαβT c 8. This is clearly zero for SU(2). The action
is not hermitian and it does not preserve R symmetry. Notice that the operators in the
second line on (2.1) have dimensions 5 and 6. Nevertheless it turns out that the action is
renormalizable [10]. The two operators break conformal invariance of the classical theory
since the constant Cαβ has mass dimension -1. It has been shown in [19] that unusual
mass dimensions can be assigned to λ, λ¯ and C. This is the key to the renormalizability
by power counting.
We work in chiral superspace with yµ = xµ − iθσµθ¯ and supercharges
Qα =
∂
∂θα
− 2iσµαα˙θ¯α˙
∂
∂yµ
, Q¯α˙ = − ∂
∂θ¯α˙
. (2.2)
In the supersymmetry algebra only the anticommutator of the Qα’s gets modified when
we turn on Cα˙β˙
{Qα, Qβ} = −4Cα˙β˙σµαα˙σνββ˙
∂2
∂yµ∂yν
. (2.3)
The explicit presence of the C deformation in the algebra breaks the amount of supersym-
metry from N=1 to N=1/2. The only preserved charges are the Q¯α˙’s.
The symmetry of the action for C = 0 is the complete superconformal group generated
by D,Π, Qα, Q¯α˙, Sα, S¯α˙, Pαα˙,Mαβ, M¯α˙β˙ where Π is the generator of U(1) R-symmetry and
D is the generator of the dilatations. Turning on the parameter Cα˙β˙ , the symmetry group
is broken to the group generated by Qα, Pαα˙,Mα˙β˙ , S¯α˙ which form a subalgebra.
3. Collective Coordinates
We now describe the collective coordinates which parametrize the coset space G/H
where G and H are the symmetry groups of the action and of the solution, respectively.
Therefore G/H represents the symmetries of the action which are broken by an explicit
8 It should be noted that, in contrast to N = 1 SYM, the tensor dabc enters the classical action.
The same phenomenon is present in non-commutative space-time (see [18] and references thereof).
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instanton solution. In N = 1 SU(2) super Yang-Mills, given a bosonic solution to the
equations of motion one can reconstruct the most general solution depending on the set
of bosonic and fermionic collective coordinates {bi}, {fi} applying the generalized shift
operator V ({bi}, {fi}) =
∏
i,j e
Qbosi bieQ
ferm
j
fj where Qbosi and Q
ferm
j are the fermionic and
bosonic generators of broken symmetries [11]. Let us begin considering the deformed anti-
instanton solution [15]. The usual solution is modified by the presence of Grassmann vari-
ables. The novelty here is that the bosonic background breaks the chiral supersymmetries
which are already broken by the C deformation from the outset. The axial R symmetry
generated by Π = θα∂/∂θα − θ¯α˙∂/∂θ¯α˙ is also explicitly broken by the C deformation
{θα˙, θβ˙} = Cα˙β˙ . The R symmetry can be restored introducing the term −2Cαβ∂/∂Cαβ
in Π assigning R symmetry number -2 to Cαβ 9 As already remarked the dilatations are
broken: the classical action is not conformally invariant. It is also easy to check that only
the chiral superconformal generators Sα’s are symmetries. The Lorentz invariance of the
action is also broken down to the Lorentz generators Mαβ. The symmetry group of the
Lagrangian is therefore G = (Q¯α˙, Sα, Pµ,Mαβ).
The symmetry group preserved by the anti-instanton solution is H = (Q¯α˙, Sα,Mαβ)
and G/H = {Pµ}. The moduli space of the instanton solution is therefore parameterized by
the collective coordinate corresponding to the translations. In particular the Grassmann
parameters ξα and η¯α˙ which, in the usual N = 1 superspace, parameterize the moduli
space do no longer index exact zero modes of the action. We therefore expect them to
appear in the classical action once we substitute the exact solution. Still they must be
integrated over in the path integral, with the modified measure given by their potential in
the classical action.
In the instanton background the group of symmetries preserved by the solution is
H = (Qα, S¯α˙, M¯α˙β˙). Therefore we have the usual coset G/H = (Q¯α˙, Sα, Pµ,Mαβ).
4. Iterative solution of the equations of motion
In this section we solve the classical equations of motion (we restrict our attention
to U(2) gauge group) order by order in fermionic quasi-collective coordinates. We will
see that the usual anti-instanton (F−µν = 0) receives corrections of order g
0 quadratic in
9 This is the usual procedure of treating the parameters in the classical action as constant
background fields, and assigning spurious charges to them [20].
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fermionic coordinates, whereas the instanton (F+µν = 0) remains an exact solution. The
equations of motion for the lagrangian (2.1) are
Dµ(Fµν − igCµνλλ) + i(σ¯αα˙)ν{λα, λ¯α˙} = 0 , (4.1)
iσµDµλ¯ = λ
(
igCµνF−µν + g
2 |C|2
2
λλ
)
, σ¯µDµλ = 0 .
4.1. Anti-instanton solution
We want to solve (4.1) in an anti-instantonic background. Anticipating the final result,
and as a kind of synopsis, we can already say that the fields admit an expansion
Aµ = g
−1A(0)µ + g
0A(1)µ
λ = g−1λ(0), λ¯ = 0
. (4.2)
We start by setting the fermions to zero, λ = λ¯ = 0. The equations become
DµFµν = 0 . (4.3)
As customary, this equation admits self-dual solutions for which
F (0),−µν = 0 . (4.4)
The gauge field configuration which solves (4.4) is the usual anti-instanton
Aaµ(x, x0, ρ) =
1
g
2ηaµν(x− x0)ν
(x− x0)2 + ρ2 = g
−1A(0),aµ
F (0),aµν (x, x0, ρ) =
1
g
ηaµν
ρ4
[(x− x0)2 + ρ2]4
(4.5)
where the index a belongs to SU(2), and ηaµν are the ’t Hooft symbols. We have written
(4.5) in regular gauge. Note that at this stage the U(1) part of the connection is zero,
as usual U(1) (anti-) instantons are necessarily flat. However, we must substitute the
background (4.5) into the Dirac operator. The equations for the fermions become
σµD(0)µ λ¯
(0) = 0, σ¯µD(0)µ λ
(0) = 0 (4.6)
where D
(0)
µ is the Dirac operator with respect to the connection (4.5). Now, the second
equation in (4.6) has non-trivial zero-modes given by
λα = −1
2
σµν
α
β
(
ξβ − η¯γ˙ σ¯γ˙βρ (x− x0)ρ
)
F (0)µν = g
−1λ(0),α (4.7)
8
where F
(0)
µν = F
(0),a
µν T a. As an aside, note that the modes (4.7) are not generated by any
symmetry of the equations of motion, as superconformal transformations are explicitely
broken in this sector. Nevertheless their presence is required by the index theorem.
Once λ(0) has been switched on the equations of motion are modified to
0 = D(0),µ(F (1)µν − i
Cµν
g
λ(0)λ(0))
0 = iσµD(0)µ λ¯− iλ(0)Cµν
(
F (1)µν − i
Cµν
2g
λ(0)λ(0)
)
.
(4.8)
In order to satisfy both equations simultaneously, notice that Cµν is anti-selfdual, and thus
CµνFµν = CµνF
−
µν . Using this and the Bianchi identity D
µF+µν = D
µF−µν we see that one
can set λ¯ = 0 and impose
F (1),−µν −
i
2g
Cµνλ
(0)λ(0) = 0 . (4.9)
The analysis of [15] shows that the correction to F−µν to second order in Grassmann coor-
dinates affects only the U(1) part of the curvature, and takes the form
F (1),4−µν = −
1
4g
Cµνλ
(0),aλ(0),a (4.10)
with λ4=0. Using some spinor algebra, we can calculate the square on the right-hand side.
We find
1
2
λ(0),αaλ(0),aα = 96
[
ξ2 − 2η¯σ¯ρξ(x− x0)ρ + η¯2(x− x0)2
] ρ4
[(x− x0)2 + ρ2]4 . (4.11)
We see that the U(1) part of the connection is of order g0 and depends quadratically on
the Grassmann coordinates.
For later use we write down explicit expressions for the different Grassmann compo-
nents of A
(2),4
µ . The strategy to follow is based on the fact that if F−4µν can be written as
BCµν∂
2K(x) then A4µ = −BCµν∂νK(x), where B is a constant. A simple way to prove
this is using spinor notation: assuming Aαα˙ = C
γ
α∂γα˙K. Then
Fαβ = ∂
α˙
(αAβ)α˙ = C
γ
(β∂
α˙
α)∂γα˙K ∼ Cαβ∂2K (4.12)
where we used ∂α˙α∂γα˙ =
1
2
ǫγα∂
2.
In our case we have
F (ξ)
2,4−
µν = −2ξ2Cµν∂2K1(x, x0, ρ) (4.13)
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F (η¯
2),4−
µν = 2ρ
2η¯2Cµν∂
2K2(x, x0, ρ)
F (η¯ξ),4−µν = 4ρ
2Cµν∂
2K3(x, x0, ρ)
where
K1(x, x0, ρ) =
(x− x0)2
[(x− x0)2 + ρ2]2 −
2
(x− x0)2 + ρ2
K2(x, x0, ρ) =
(x− x0)2
[(x− x0)2 + ρ2]2 +
1
(x− x0)2 + ρ2
K3(x, x0, ρ) =
η¯σ¯ρξ(x− x0)ρ
[(x− x0)2 + ρ2]2 .
(4.14)
It is easy to see that the iteration procedure stops at order C
g
: the covariant derivative
in SU(2) does not get corrections in Grassmann variables, and the covariant derivative
in U(1) is the normal derivative for fields in the adjoint, and is thus insensitive to the
Grassmann-corrected part of the U(1) connection. Therefore there are no further U(1)
normalizable zero modes and λ4 stays zero at further orders in the coupling constant 10.
The full solution can then be written
Aµ = g
−1
2ηaµνT
a(x− x0)ν
(x− x0)2 + ρ2 + g
0
[
− 2ξ2Cµν∂νK1 + 2η¯2ρ2Cµν∂νK2 + 4ρ2Cµν∂νK3
]
T 4
λα = g−1
[g
2
σµν
α
β
(
ξβ − η¯γ˙ σ¯γ˙βρ (x− x0)ρ
)
F (0)µν
]
λ¯α˙ = 0 .
(4.16)
4.2. Instanton solution
The instanton solution is the same as in the undeformed case. Starting now with
F
(0),+
µν = 0 and λ¯ = λ = 0, we note that in this case the Dirac operator σµDµ has non-
trivial zeromodes for λ¯ whereas σ¯µDµ has none, and thus λ = 0. Once again λ¯
(1) are given
10 Thinking of the C parameter as a smooth deformation we can still apply the Atiyah-Singer
Theorem
ind( 6D) = −
1
4pi2
∫
TrF ∧ F (4.15)
Indeed notice that the index of the Dirac operator (which measures the difference between the
number of zero-modes for λα and λ¯α) does not depend on the deformation parameter C since the
equation for λ¯ is the usual Dirac equation and the equation for λ becomes the usual one when
we impose the modified instanton condition. From this we infer that there are no zero modes
associated to the U(1) part of the connection and the equality (4.15)forces the additional U(1)
piece (U(1)topological charge)
∫
F
4
µνF
4
µν to vanish.
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by the usual fermions required by the index theorem. The difference with the previous
case is that now, as λ has to be zero at this order in Grassmann variables the equations
of motion do no acquire a fermion source term, and the initial bosonic solution remains a
solution. We can then write the full solution as
Aµ = g
−1
2η¯aµνT
a(x− x0)ν
(x− x0)2 + ρ2
λα = 0
λ¯α˙ = g
−1
[g
2
σ¯µνα˙β˙
(
ξ¯β˙ − ηγσγβ˙ρ (x− x0)ρ
)
F (0)µν
]
.
(4.17)
5. The classical action
In order to do a semi-classical calculation around the (anti-)instanton background, we
would like to substitute the solutions found in the previous section into the classical action
given in (2.1) . We consider anti-instantons and instantons in turn.
5.1. Anti-instanton
To find the classical action for the anti-instanton solution we perform the Bogomol’ny
trick of [15] and write the action as
Sbos = −
∫
d4xTr
(
F−µν −
i
2
gCµνλλ
)2
− 1
4
∫
d4xTrǫµνρσFµνFρσ . (5.1)
The first term is saturated for the soution found above, and thus the contribution to the
classical action comes entirely from the Chern-Simons-like term. However one has to be
aware of the fact that the field strengths now depend on the Grassmann variables, and
thus the lagrangian will itself depend on fermionic coordinates.
To calculate the topological term we find it convenient to rewrite it as
−1
4
ǫµνρσFµνFρσ = −1
2
Fµν(Fµν − 2F−µν) = −
1
2
(FµνFµν − 2FµνF−µν) . (5.2)
We have to recall that for a in SU(2) F aµν is the usual anti-instanton field strength such
that F a,−µν = 0 , and F
4,−
µν = ξ
2F
(ξ)24,−
µν + η¯2F
(η¯2)4,−
µν + F
(η¯ξ)4,−
µν . The total anti-instanton
action will have contributions
−1
4
TrǫµνρσFµνFρσ = −1
2
Tr(FµνFµν − 2FµνF−µν) = (5.3)
=
1
4
[
F aµνF
a
µν +
(
F (η¯ξ),4µν F
(η¯ξ),4
µν − 2F (η¯ξ),4µν F (η¯ξ),4−µν
)
+
11
+(η¯2ξ2)
(
2F (η¯
2),4
µν F
(ξ2),4
µν − 2
(
F (η¯
2),4−
µν F
(ξ2),4
µν + F
(η¯2),4
µν F
(ξ2),4−
µν
)) ]
.
From the expressions for K1, K2, K3 we can calculate this quantity. Recalling
ξ2F (ξ
2),4
µν = 2ξ
2(Cνρ∂µ∂ρ − Cµσ∂ν∂σ)K1 (5.4)
η¯2F (η¯
2),4
µν = −2ρ2η¯2(Cνρ∂µ∂ρ − Cµσ∂ν∂σ)K2
F (η¯ξ),4µν = −4ρ2(Cνρ∂µ∂ρ − Cµσ∂ν∂σ)K3
we find
1
2
ǫµνρσF (4)µν F
(4)
ρσ =
3072ρ6(2x4 − 3ρ2x2)
(x2 + ρ2)6
|C|2η¯2ξ2 . (5.5)
Putting everything together the classical action for the anti-instanton is
Santi−instanton =
∫
d4x
[
96
g2
ρ4
(x2 + ρ2)4
+
3072ρ6(2x4 − 3ρ2x2)
(x2 + ρ2)6
|C|2η¯2ξ2
]
=
8π2
g2
. (5.6)
We then see that, although the U(1) anti-intanton charge density is non vanishing, only
the SU(2) part contributes to the total topological charge. This is in accordance with the
index theorem.
5.2. Instanton
Because in the instanton solution to the equations of motion one has λ = 0 the classical
instanton action does not suffer any modification from the usual N = 1 super Yang-Mills.
We then have
Sinstanton =
8π2
g2
. (5.7)
6. Path integral measure and semi-classical approximation
Before we proceed to set up a semi-classical calculation around the (anti-) instanton
solutions found in previous sections, we review the conventional approach to better contrast
the new elements which arise in our situation.
The general procedure consists in splitting the fields in the path integral into a classical
part which satisfies the classical equations of motion and a quantum part which describes
the fluctuations around the classical solution. After fixing a gauge, one plugs the field
expansion into the gauge-fixed action and keeps terms up to second order in quantum
12
fluctuations. This yields a product of determinants corresponding to the different fields in
the path integral. A characteristic feature of instanton calculations is that the quadratic
operators corresponding to these determinants have zero modes which must be treated
separately in order for the path integral to give a sensible result. The presence of these
zero modes is due to a degeneracy of lowest-energy configurations, which is parameterized
by a set of collective coordinates. One must choose a gauge to fix this degeneracy and
trade in the integration over zero-modes in the path integral for an integration over the
collective coordinates. In the process one picks up a jacobian factor which determines the
measure of integration over the collective coordinates.
To see this in a little more detail consider the generic field expansion
φMm (x) = φ
M
m (x;X) + δφ
M
m (x;X) (6.1)
where φ(x;X) is a classical background with degeneracy parameterized by collective coor-
dinates denoted generically by XA (these encompass both fermionic and bosonic collective
coordinates), and δφ(x;X) is the quantum fluctuation. The zero modes are then δAφn(x),
where δA denotes differentiation with respect to X
A. The action is then expanded to
quadratic order in the fluctuations, S = δφNn ONMnm δφMm . Expanding the fluctuations in
terms of a complete set of eigenvectors of O
δφMn =
∑
A
ξAδAφ
M
n + φ˜
M
n (6.2)
where δAφ
M
n are the zero-modes and φ˜
M
n are the non-zero eigenvectors, the path integral
measure becomes ∫
[dφMm ] =
∫ [√
Sdet gAB(X)
∏
A
dξA√
2π
]
[dφ˜Mm ] (6.3)
where gAB = k
∫
d4xTrδAφ
M
r δBφ
M
r is the suitably normalized metric of inner products of
the zero-modes.
The next step is to fix the gauge for both non-zero and zero-modes, and trade dξA for
dXa in the integration over the zero-modes. To do that one performs a BRST quantization
inserting unity into the path integral in the form 11
1 =
∫ ∏
A
[dXA][dΩ(x)]δ(G(φ˜Ω))
∏
n
δ(fA(X))det
∣∣∣δG(φ˜Ω)
δΩ
∣∣∣Sdet∣∣∣ δfA
δXB
∣∣∣ (6.4)
11 We are being schematic here. There are subtleties concerning the aymptotics of the gauge
transformations, which entangle the gauge fixing for zero and non-zero modes. For more details
see [21].
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where G(φ˜) = Dmφ˜m (background gauge) and fA = k
∫
d4xTrδφMm δAφ
M
m =
∑
A ξ
BgAB.
δ(G) fixes the gauge for the non-zero modes, and det
∣∣∣ δG(φΩ˜)δΩ
∣∣∣ gives the usual Faddeev-
Popov determinant. For the zero-modes δ(fA(X)) enforces ξ
A = 0, as gAB is invertible.
Moreover to leading order in g, δfA
δXB
= gAB so that
Sdet
∣∣∣ δfA
δXB
∣∣∣ = Sdet[gAB] (6.5)
The measure for the gauge-fixed action becomes
∫ [√
Sdet gAB(X)
∏
A
dXA√
2π
]
[dφ˜Mm ]det (−D(0))2 (6.6)
Note that one can introduce additional anticommuting ghosts c¯(0)a and c(0)b for the bosonic
zero-modes, and commuting ghosts γ¯(0)α and γ(0)β for the fermionic zero-modes, and write
√
Sdet gAB =
∫
[dc¯(0)][dc(0)][dγ¯(0)][dγ(0)]exp[
1
2
c¯(0)agabc
(0)b]exp[
1
2
γ¯(0)αgαβγ
(0)β] (6.7)
assuming orthogonality between bosonic and fermionic zero-modes. We now see how these
considerations apply to our situation.
6.1. Anti-instanton
The splitting into background plus fluctuation of the fields in the path integral takes
the form
Aaµ =
1
g
A(0),aµ +Q
a
µ, A
4
µ = A
(1),4
µ +Q
4
µ
λ¯ = q¯, λ = g−1λ(0) + q
(6.8)
with the expressions for the different fields given in (4.16). We now must compute the
quadratic part in the fluctuations of the classical lagrangian. However, we should stress
that the background (6.8) is non-conventional, insofar as it includes fermions. Usually
fermion zero-modes are not included in the classical background, and are treated in per-
turbation theory 12. The main difference with the conventional treatment boils down to the
fact that the background fermions induce additional fermion-boson and fermion-fermion
couplings in the quadratic expansion of the classical action. In the one-loop calculation
one is then forced to compute the superdeterminant of these fields.
12 We acknowledge P. van Nieuwenhuizen and S. Vandoren for communicating to us their pre-
liminary results [13] for N = 4 SYM.
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To perform the computation we choose a U(2) background gauge fixing
D(0)µ Qµ = 0
which adds
Lg.f. + Lghost = Tr
[
(D(0)µ Q
a
µ)
2 − 2bD(0)2c
]
(6.9)
to the action. The gauge-fixed action action, up to quadratic fluctuations, can be written
as
Squad =
∫
d4x
[
L1 + Lg.f. + Lghost
]
(6.10)
where
L1 + Lg.f. = (Qν qβ q¯β˙ )

Aνµ Bν
α Cνα˙
Dβµ Eβα Fβα˙
Gβ˙µ Hβ˙α I β˙ α˙



Qµqα
q¯α˙

 (6.11)
and we have suppressed gauge indices for clarity. The different elements of this matrix can
be read from
1
2
TrFµνFµν
∣∣∣
quad
=
[
− 1
2
(D(0)µ Q
a
ν)
2 +
1
2
(D(0)µ Q
a
µ)
2 − gǫabcQaνF (0),bµν Qcµ
]
+ (6.12)
+
[
− 1
2
(∂µQ
4
ν)
2 +
1
2
(∂µQ
4
µ)
2
]
2trλ 6Dλ¯|quad = −q¯4σ¯µ∂µq4 − q4σµ∂µq¯4 − q¯a(σ¯µD(0)µ q)a − qa(σµD(0)µ q¯)a
−
(
q¯aσ¯µ[Qµ, λ
(0)]a + λ(0),aσµ[Qµ, q¯]
a
)
and
igTr
[
CµνFµνλλ
]∣∣∣
quad
=
1
4
[
Cµν∂[µA
(1),4
ν] (q
4q4 + qaqa)
]
+ (6.13)
+
1
2
[
Cµν
((
∂[µQ
a
ν] + [A
(0)
µ , Qν]
a
)
q4λ(0),a + ∂[µQ
4
ν]q
aλ(0),a
) ]
g2Tr
[ |C|2
4
(λλ)2
]∣∣∣
quad
=
|C|2
4
[1
4
(λ(0),aλ(0),a)(qbqb) +
1
2
(λ(0),aqaλ(0),bqb)
]
(6.14)
The expansion of the superdeterminant (6.11) can be done systematically using
Sdet
(
Xbb Ybf
Wfb Zff
)
=
detXbb
det(Zff −WfbX−1bb Ybf )
(6.15)
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In our case Xbb = Aνµ is the usual bosonic quadratic operator for U(2) (super) Yang-
Mills , Zff =
( Eβα Fβα˙
Hβ˙α I β˙ α˙
)
= ∆D + ∆E . ∆D is the usual operator for adjoint Dirac
fermions in U(2) (super) Yang-Mills and ∆E encodes the additional fermion-fermion cou-
plings arising from the first line in (6.13) and from (6.14). We see that I β˙ α˙ = 0. Finally
Ybf = (Bνα Cνα˙ ) and W its fermionic transpose. We can expand the logarithm of the
superdeterminant as
log Sdet
(
Xbb Ybf
Wfb Zff
)
= log detAµν − log det∆D− (6.16)
−Tr log
(
1 + ∆−1D ∆E −∆−1D
(Dβµ
Gβ˙µ
)
(Aµν)−1 (Bνα Cνα˙ )
)
The first two terms in (6.16) give the same contributions as in N = 1 SU(2) super Yang-
Mills, as the U(1) part in these terms yields only an infinite constant which is canceled once
we normalize with respect to the vacuum. The calculation is standard, but we reproduce
it here for completeness. Integration over Aaµ yields
[det′Aµν ]−1/2 (6.17)
where Aµν = −(D(0))2δµν − 2F (0)µν , and the prime indicates that the determinant has to
be amputated because, as usual, it has zero-modes. Integration over the SU(2) fermions
gives
det∆D = det
(
0 σµDµ
σ¯µDµ 0
)
= [det′∆−]
1/4[det∆+]
1/4 (6.18)
Here ∆+ = −σ¯µDµσνDν = −D2 is the hermitian operator for the SU(2) λ¯ fluctuations
(with the same spectrum as σµDµ). As there are no λ¯ zeromodes the determinant is the
full one. On the other hand ∆− = −σµDµσ¯νDν = −D2−σµνF (0)µν has zeromodes, and the
determinant has to be amputated. The spectrum of non-zero eigenvalues of ∆+ and ∆−
is the same. For the ghosts one gets det∆ghosts, where ∆ghosts = −D2.
It is a standard fact that
det′Aµν = [det′∆−]2
det∆ghosts = [det∆+]
1/2
(6.19)
Using this the total product of determinants is given by
[
det∆+
det′∆−
]3/4
(6.20)
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which is formally one, since as mentioned before both determinants have the same spectrum
of non-zero eigenvalues. One has to introduce a regularization scheme to make sense of
these determinants, however. The usual procedure is to use a Pauli-Villars regulator mass.
With this the total product of determinants picks up a factor of µnb−
1
2
nf = µ6 where nb(f)
is the number of bosonic (fermionic) zero-modes.
The new part of the calculation comes from the second line in (6.16). One has to
expand the logarithm in powers of the background fields and keep gauge invariant combi-
nations. The possible one-loop diagrams contributing have been analyzed in [22]13. The
non vanishing one-loop Feynman diagrams come in two different topologies (see figs. 3
and 6 in [22]). We now show how these diagrams appear from the super-determinant
expansion. The first diagram contributes to the renormalization of the Aλλ vertex and
contains a loop made of two fermionic and one bosonic propagator, in which the bosonic
propagator runs between two external λ, and the fermionic between external A and λ.
The modified C dependent vertex can be any vertex of the diagram. Using the notation
of [22] the diagrams (1c, 2, 3), (1, 2c, 3), (1, 2, 3c) all contribute (the index ”c” specifies the
position of the modified vertex). As usual in background field formalism only a reduced set
of diagrams contribute. For this topology it is easy to see, using the background Feynman
rules, that only the diagram (1, 2, 3c) contribute with a background U(1) photon entering
vertex 3, 2 SU(2) fluctuation fermions and one SU(2) fluctuation photon circulating in
the loop. Putting x = ∆−1D ∆E , y = −∆−1D
(Dβµ
Gβ˙µ
)
(Aµν)−1 (Bνα Cνα˙ ) and expanding
the logarithm we see that in our approach14 the three vertex diagram arises from the term
xy. Indeed in xy one finds the term
(∆−1D )
α˙
β(∆E)
β
γ(∆
−1
D )
γ
δ˙G δ˙µA−1µν Cνα˙ (6.21)
with two background fermions λaλa and one background A4µ (note that terms with an
Aaµ background vanish due to the anti-selduality of C). All the other terms in xy do not
give diagrams consistent with the Feynman rules and therefore do not contribute. We
13 In the computation that follows one can use conventional Background Field formalism tech-
niques, with the exception that the propagator ∆−1D contains no zero-modes. However, we will only
need the UV divergent part of the Feyman diagrams, and therefore the amputated propagators
can be well approximated by the usual background field ones in this regime.
14 We are using a simple non-supersymmetric background gauge in which, unlike [22], there are
no couplings between ghosts and fermions.
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can also draw a new diagram which is identical to (1, 2, 3c) apart from substituting the
modified vertex with a new vertex originating from the term −|C|2/16(qaqa)(λ(0)bλ(0),b)
present in −|C|2/4(λλ)2quad.. The new diagram cancels exactly the previous one. Indeed
the modified vertex in (1, 2, 3c) comes from −1/4Cµν∂[µA4ν]qaqa = 1/16|C|2λ(0),aλ(0),aqbqb
where we used the deformed anti-instanton equation F
(−),4
µν = −1/4Cµνλ(0),aλ(0),a.
By power counting at the vertices (and accounting for the g-scalings of the different
background fields) this diagram goes as |C|2. Moreover, the external field structure im-
plies that it is proportional to η¯2ξ2. The other non-vanishing diagram is the one that
renormalizes the λλλλ coupling and has four external fermions, a loop with two fermionic
propagators and two bosonic propagators. Using the background Feynman rules we find
that, in agreement with [22], the only consistent diagrams are (1c, 2c, 3, 4) and (1, 2, 3c, 4c)
with one U(1) photon connecting the C-modified vertices and SU(2) fermions circulating
in the loop. This diagrams come from the y2 term of the super-determinant expansion.
For instance the diagram (1c, 2c, 3, 4) arises from
(∆−1D )
α
β˙
Gβ˙µ(A−1)µνCνγ˙(∆−1D )γ˙ δDδρ(A−1)ρσBσα. (6.22)
The contribution of this diagram is also zero because we have four fermions in the back-
ground and (λ(0),aλ(0),a)2 = 0. Once again this goes as |C|2η¯2ξ2. It is also possible to check
that all the other terms coming from the super-determinant expansion do not generate con-
sistent diagrams. Therefore the one-loop effective action is zero and the zero modes remain
unlifted to this order in perturbation theory. Much as in the N = 1 case, the supersymme-
tries left unbroken by both the anti-instanton and the C-deformation are still effective in
compensating the bosonic and fermionic fluctuations in the one-loop (super)determinant.
Finally, the last part of the calculation corresponds to the integration the modes that
were amputated in the determinants of the first line in (6.16), namely the zero-modes of
Aµν and ∆−. The calculation reduces to the computation of the superdeterminant (6.7)
for ordinary N = 1 SYM.
√
Sdet gAB|N=1SYM =
[ ∫
dbadbbe
−ba<
∂Aµ
∂ba
|
∂Aµ
∂bb
>bb
]−1/2[ ∫
dfαdfβe
−fα<
∂λγ
∂fα
|
∂λγ
∂fβ
>fβ
]−1/2
(6.23)
= 210π6g−8ρ3
( g2
32π2
)( g2
64π2ρ2
)
In the formula above ba stands for bosonic coordinates, namely x0, ρ and gauge orientations,
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and fα stands for η¯, ξ. The normalization for the inner products is
〈
∂Aµ
∂ba
∣∣∣∂Aµ
∂bb
〉
= gab = − 2
g2
∫
d4xTr δaA
(0)
µ δbA
(0)µ
〈
∂λγ
∂fα
∣∣∣∂λγ
∂fβ
〉
= gαβ = − 2
g2
∫
d4xTr δαλ
(0)
γ δβλ
(0)γ
(6.24)
Boson and fermion zero-modes are orthogonal. Putting everything together the total semi-
classical partition function for the anti-instanton is
Z = 210π6g−8µ6exp
[
−
(8π2
g2
− iθ
)]
(6.25)
∫
d4x0
∫
ρ3dρ
∫
d2ξ
( g2
32π2
)∫
d2η¯
( g2
64π2ρ2
)
As a final remark we notice that the gluino condensate is unchanged with respect to
the familiar N=1 result. This is due to the fact that volume form in the anti-instanton
moduli space does not get C-corrections.
6.2. Instanton
In the case of the instanton the g-expansion of the different fields is as follows
Aaµ = g
−1A(0),aµ +Q
a
µ, A
4
µ = Q
4
µ
λ¯ = g−1λ¯(0) + q¯, λ = q
(6.26)
The expansion, up to quadratic terms in fluctuations, of the C-deformed part of the action
is then
igTrCµνFµνλλ|quad = 1
2
CµνF
(0),a
µν q
4qa
− g2Tr |C|
2
4
(λλ)2|quad = 0
(6.27)
The undeformed part of the action also acquires a new coupling with respect to usual U(2)
N = 1 SYM when we substitute the background fermion λ¯(0). It is given by
g1/2
(
λ¯(0),aσ¯µ[Qµ, q]
a + qaσµ[Qµ, λ¯
(0)]a
)
(6.28)
however, in this case it is not strictly necessary to incorporate the λ¯ fermions into the
classical background, as the classical instanton action does not depend on the background
fermions. We can then follow the usual prescription and treat them in perturbation theory.
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We should however take into account the extra bilinear fermion coupling in (6.27). Writing
the fermions in Dirac form it can be seen to contribute a (gauge off-diagonal) mass term,
which can be treated as a perturbation to the usual Dirac operator ∆D. However, because
of the chirality of the two fermions of this new vertex, it does not contribute to the
determinant. The analysis can be reduced to standard techniques and we will not further
pursue it here.
7. Outlook
The results in this paper should be seen as a preliminary step to an instanton calcula-
tion with matter included. Indeed, for the weak coupling semi-classical approximation to
be self-consistent, in the moduli space integration one should introduce an infrared cutoff
to prevent the coupling constant from becoming strong. The one-loop behavior of g for
N = 1/2 supersymmetric theories is the same as in N = 1 SYM, so one inevitably runs
into strongly coupled regions. It is hoped that the Higgs field V EV will provide the in-
frared cutoff, just as in the ordinary case. (It would be interesting to explore higher-loop
renormalizations, using explicit supergraph techniques for example, as well as genuinely
non-perturbative consequences our results could have for N = 1/2 supersymmetric theo-
ries.)
A different direction would be to explore whether more general (anti-) instanton so-
lutions to the C-deformed equations of motion exist, and what relevance these could have
both at the mathematical and the physical level. The case of multi-instantons immediately
comes to mind.
Another very interesting application of the present analysis would be the extension to
N=2 SYM (see for example [23]) where the complete many instanton computation can be
performed along the lines of [24] using the methods of equivariant cohomology.
Finally, a dual picture can be constructed. Using the analysis of Ooguri and Vafa one
can see that the supersymmetry can be restored by changing the commutation properties
of the gluino λ¯
{λ¯aα, λ¯bβ} = Cαβδab . (7.1)
However, this prescription has to be handled at the quantum level in the process of quantiz-
ing the gluinos. This implies that the system is constrained and therefore has be carefully
discussed. We notice however that there is a similarity in the eqs. of Imaapur [15] and the
constraints on the gluinos. We see that the eqs. (7.1) coincides with [15] if F a,+µν ∝ Cµν .
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Addendum After completion of the first version of this paper, but before submission
to the archives, [25] appeared, there is a partial overlap with our results. Also, in the first
version, it was erroneously claimed that the U(1) topological charge was not vanishing, as
implicitly pointed out in [26]15. We believe, however, that the C independence of gluino
condensates, and of the volume of the deformed U(2) anti-instanton moduli space, pointed
out in that previous version, are independent of that flaw. Moreover, the general iterative
method of solving the equations of motion in fermionic quasi-collective coordinates, and
the dependence of the topological charge density on these quasi-collective coordinates and
C, are of course unaffected.
15 We acknowledge them for making us realize it.
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